Wave-particle duality in quantum mechanics allows for a halo bound state whose spatial extension far exceeds a range of the interaction potential. What is even more striking is that such quantum halos can be arbitrarily large on special occasions. The two examples known so far are the Efimov effect and the super Efimov effect, which predict that spatial extensions of higher excited states grow exponentially and double exponentially, respectively. Here, we establish yet another new class of arbitrarily large quantum halos formed by spinless bosons with short-range interactions in two dimensions. When the two-body interaction is absent but the three-body interaction is resonant, four bosons exhibit an infinite tower of bound states whose spatial extensions scale as Rn ∼ e (πn) 2 /27
INTRODUCTION
In classical mechanics, no force acts on particles if they reside outside a range of the interaction potential. However, quantum mechanics allows them to form a bound state even though their mean separation far exceeds the potential range. This is a consequence of the celebrated wave-particle duality, which states that particles behave as spatially extended waves of probability amplitude [1] . Such classically forbidden bound states are generally referred to as quantum halos, which have attracted broad and long-standing interest in physics [2, 3] .
What is even more striking is that quantum halos can be arbitrarily large on special occasions. One such example is the Efimov effect, known since its discovery back in 1970 [4] . When two particles interact resonantly in the s-wave channel, three particles exhibit an infinite tower of bound states whose spatial extensions grow exponentially for higher excited states (see Table I ). While spinless bosons in three dimensions are the prototypical system for the Efimov effect, it has been revealed that the same class of universal scaling law emerges for many other systems, such as mass-imbalanced fermions in three dimensions [5] [6] [7] , anyons in two dimensions [8] , bosons in one dimension [9] , and in various mixed-dimensional systems [10, 11] .
TABLE I. Trio of few-body universality classes allowing for arbitrarily large quantum halos. A scaling exponent γ for each class is independent of potential details but depends on other system information. See Table II for results in prototypical systems. Also shown is a hyperspherical potential leading to each scaling law.
Universality class
Scaling law Hyperspherical pot.
Now, one may ask whether the Efimov effect is the only possible route leading to arbitrarily large quantum halos. The answer turned out to be no only recently in 2013, when another class of universal scaling law termed the super Efimov effect was discovered [12] . Here, when two particles in two dimensions interact resonantly in the p-wave channel, three particles exhibit an infinite tower of bound states whose spatial extensions grow double exponentially for higher excited states (see Table I ). This super Efimov effect was originally predicted for spinless fermions and was later extended to mass-imbalanced mixtures as well [13] .
In this Letter, we establish yet another new class of universal scaling law that allows for arbitrarily large quantum halos formed by spinless bosons with short-range interactions in two dimensions. When the two-body interaction is absent but the three-body interaction is resonant in the s-wave channel [14] , four bosons exhibit an infinite tower of bound states whose spatial extensions scale as R n ∼ e (πn) 2 /27 for a large n ∈ N. The emergent scaling law is universal and qualitatively distinct from the previously known scaling laws, as seen in Table II . This novel phenomenon shall be termed a semisuper Efimov effect because its growth rate lies between the Efimov [12] Fermions in 3D · · · effect and the super Efimov effect, which together constitute a trio of few-body universality classes allowing for arbitrarily large quantum halos.
MODEL ANALYSIS
We first demonstrate the semisuper Efimov effect by a model analysis and discuss its universality later. Let us consider spinless bosons in two dimensions without a two-body interaction but with a three-body interaction. For simplicity, we shall employ the following model Hamiltonian:
Here, we set = 1 and m = 1 for a mass of bosons, and the three-body potential is assumed to be separable with the form factor provided by χ(p, q) = e
2 , where v 0 > 0 is an attractive coupling constant and Λ is a momentum cutoff. This separable potential is advantageous in that three-body and four-body problems can be solved analytically to gain valuable insights into universal low-energy physics.
By summing an infinite series of Feynman diagrams depicted in Fig. 1 , the three-body scattering T matrix from incoming (k/3 + p,
, with a total energy ε, is found to be
where E ≡ ε − k 2 /6 + i0 + is the collision energy in the center-of-mass frame and E 1 (w) ≡ ∞ w dt e −t /t is the first-order exponential integral. The three-body resonance is defined by the divergence of the T matrix at zero collision energy, which corresponds to a bound state of three bosons with zero binding energy, and is achieved by tuning the coupling constant at v 0 = 2π 2 /Λ 2 . We now turn to a bound state problem of four bosons right at the three-body resonance. The four-body scattering T matrix denoted by T 4 (E; p, p ′ ) satisfies a Skornyakov-Ter-Martirosyan-type integral equation depicted in Fig. 2 , where E is a collision energy in the center-of-mass frame and p (p ′ ) is an incoming (outgoing) relative momentum of one boson with respect to the others. When the collision energy approaches one of the four-body binding energies, E → −κ 2 < 0, the T matrix factorizes as
, so that the resulting residue function satisfies Z(p) = 9π dp
Because different partial-wave channels are decoupled, we can set Z(p) = e iℓϕp z(|p|) and focus on the ℓ = 0 channel, which is most favorable to bound states because of the absence of a centrifugal barrier.
The integral equation (3) can be solved analytically in the low-energy limit κ ≪ Λ with the leading-logarithm approximation [12, 13] . To this end, we assume that the integral is dominated by the region κ ≪ p ′ ≪ Λ and split the integral into two parts, κ ≪ p ′ ≪ p and p ≪ p ′ ≪ Λ, where the sum of p 2 and p ′2 in the integrand is replaced with whichever is larger. Consequently, the integral equation (3) is reduced to
where x (′) ≡ ln Λ/p (′) and ζ(x) ≡ z(p) are introduced and δ > 0 is a constant sensitive to ultraviolet physics. Then, by differentiating both sides of Eq. (4) with respect to x twice, it can be brought into a differential equation,
which is solved by ζ(
. The resulting solution must satisfy two boundary conditions obtained by setting x = δ and ln Λ/κ in Eq. (4):
In the low-energy limit ln Λ/κ → ∞, the first boundary condition (6a) merely relates B/A to δ, while the second boundary condition (6b) leads to tan( 27 ln Λ/κ) = for a large n ∈ N are provided by
where θ ≡ arctan[(B − A)/(B + A)] is a nonuniversal constant defined modulo π. This is nothing short of the semisuper Efimov effect. Our finding above can also be confirmed by numerically solving the integral equation (3) in the ℓ = 0 channel. The obtained binding energies of four bosons are shown in Table III , which indeed converge to the universal scaling law (7), with three digits of precision up to the 80th bound state. Because the leading-logarithm approximation does not provide any nontrivial solutions for ℓ = 0, arbitrarily large quantum halos do not emerge in the other partial-wave channels.
UNIVERSALITY
With our model analysis completed, two questions naturally arise. Is the semisuper Efimov effect universal? What if a two-body interaction is present? A valuable insight for answering these questions can be gained from Eq. (2). Here, we find that the three-body scattering T matrix right at the three-body resonance in the lowenergy limit E → 0 has exactly the same form as a propagator of a particle whose mass is 3m up to overall logarithmic energy dependence. This speciality is actually common to the resonant s-wave scattering in four dimensions [15, 16] and the resonant p-wave scattering in two dimensions [8, 12, 13] , which can be attributed to the logarithmic divergence of wave function normalization integrals at origin [17] . Consequently, the low-energy limit of the resonant three-body scattering in two dimensions is universally described by a propagation of a pointlike trimer.
It is then straightforward to arrive at the following effective field theory to capture low-energy physics of twodimensional spinless bosons close to the three-body resonance:
This Lagrangian density is built so as to include all relevant and marginal couplings written in terms of the boson φ and trimer Φ fields because irrelevant couplings disappear in the low-energy limit. The three-body resonance is achieved by tuning the bare detuning parameter at ε 0 = g 2 Λ 2 /2π 2 , while the other couplings are dimensionless and acquire logarithmic energy dependence through their renormalization. Because our interest lies in the bound state problem of four bosons, we shall not consider the six-body coupling v 6 further.
The two-body v 2 , three-body g, and four-body v 4 couplings are renormalized by Feynman diagrams depicted in Fig. 3 , so that their running at a momentum scale κ ≡ e −s Λ is governed by with our discussion below. Low-energy physics of the system under consideration can be deduced by studying how these running couplings behave in the infrared limit s → ∞.
When the two-body interaction is absent, i.e., v 2 = 0, corresponding to an infinite scattering length in two dimensions, the RG equation for g is solved by
Consequently, the three-body coupling is marginally irrelevant, in that it decreases as g 2 → π 2 /s toward the infrared limit s → ∞. By substituting this asymptotic form of g 2 into Eq. (9c), the solution to the RG equation for v 4 in the same limit is obtained as
where θ is a nonuniversal constant depending on initial conditions for g and v 4 at the ultraviolet scale s ∼ 0. Therefore, we find that √ sv 4 is a periodic function of √ s and diverges at s n = (πn + θ)
2 /27 for a large n ∈ N. These divergences of the four-body coupling in its renormalization group flow indicate the existence of an infinite tower of characteristic energy scales, E n ∼ e −2sn Λ 2 , in the system of four bosons. The identification of these scales with four-body binding energies leads to our prediction of the semisuper Efimov effect presented in Eq. (7). Furthermore, our RG analysis demonstrates the universality of the semisuper Efimov effect because no assumption on microscopic details of the short-range twobody and three-body potentials has been made.
On the other hand, when the two-body interaction with a finite scattering length is present, the RG equation for v 2 is solved by
whose magnitude decreases as v 2 → −π/s toward the infrared limit s → ∞. By substituting this asymptotic form of v 2 into Eq. (9b), its solution in the same limit is obtained as g → C/s 3 , where C is a nonuniversal constant. Because the three-body coupling rapidly vanishes, all terms proportional to g 2 in Eq. (9c) can be ignored, so that the four-body coupling turns out to behave monotonically as v 4 → −4π/3s. Therefore, we find that the semisuper Efimov effect as manifested by Eq. (11) disappears in the presence of the two-body interaction.
CONCLUDING REMARKS
We hereby established that arbitrarily large quantum halos can be formed by four spinless bosons in two dimensions when the two-body interaction is absent but the three-body interaction is resonant [14] . Their spatial extensions scale as
2 /27 /Λ for higher excited states, which is the new class of universal scaling law termed the semisuper Efimov effect. Because it disappears in the presence of the two-body interaction, both two-body and three-body interactions need to be tuned simultaneously to achieve the semisuper Efimov effect. Such double fine-tuning is generally challenging, but it may be possible in ultracold atom experiments. In fact, there have been a number of proposed schemes to implement vanishing two-body but strong three-body interactions both in a free space [18] and in an optical lattice [19] [20] [21] . Once the three-body resonance without the two-body interaction is achieved in a two-dimensional Bose system [22], the emergent semisuper Efimov states of four bosons may be observed in ultracold atom experiments through resonantly enhanced atom losses by varying a detuning parameter [23] [24] [25] .
Besides such experimental feasibility, our finding in this Letter significantly advances our perspective on quantum few-body physics, in particular, by completing the universal scaling laws for spinless bosons in all dimensionality [4, 9] . Together with that for spinless fermions in two dimensions [12] , an interesting interplay among the quantum statistics, dimensionality, required resonant interaction, and emergent scaling law can now be seen in Table II . The universal scaling laws discovered so far are classified into either the Efimov effect, the semisuper Efimov effect, or the super Efimov effect, which together constitute a trio of few-body universality classes allowing for arbitrarily large quantum halos.
The last important question is whether there exist even more few-body universality classes allowing for arbitrarily large quantum halos. Some insight may be gained by recalling hyperspherical potentials leading to the Efimov effect [4] , the semisuper Efimov effect [26] [27] [28] , and the super Efimov effect [29, 30] , which are V (r) ∼ #/r 2 , #/r 2 ln r, and #/r 2 ln 2 r, respectively. These potential forms can be deduced from the semiclassical quantization condition, πn ∼ Rn dr −V (r), in the zero binding energy limit [31] . The resulting hierarchical pattern seen in Table I , together with the Coulomb potential leading to the Rydberg law, inspires us to suggest that the hyperspherical potentials of 
